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Abstract 

We define g-poly-Bernoulli polynomials Bn,I,gi^) with a parameter p, ( 7 -poly- 
Cauchy polynomials of the first kind (^}p,q{z) and of the second kind '^}p,q{z) with 
a parameter p by Jackson’s integrals, which generalize the previously known num- 
bers and polynomials, including poly-Bernoulli numbers Bn ^ and the poly-Cauchy 
numbers of the first kind and of the second kind dft We investigate their 
properties connected with usual Stirling numbers and weighted Stirling numbers. 
We also give the relations between generalized poly-Bernoulli polynomials and two 
kinds of generalized poly-Cauchy polynomials. 


1 Introduction 

Let n and k be integers with n > 0, and let p be a real nnmber parameteili] with p 7 ^ 0. 
Let g be a real nnmber with 0 < g < 1. Define g-poly-Bernonlli polynomials BnXqi^) 
with a parameter p by 
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where Lifc ,j(z) is the g-polylogarithm fnnction ([I3]) defined by 

= E lyi • 
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Here, 
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was used as a parameter in mu. but in this paper we use p in order to avoid confusions with 
g-integral. 
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is the g-number with [0], = 0 (see e.g. [H (10.2.3)], [9]). Note that hmg_j.i[x]q = x. 
Notice that 



which is the poly-Bernoulli polynomial with a p parameter ([5]), and 


limLifc,„(^) = Life (2;), 

which is the ordinary polylogarithm function, dehned by 


Lifc(^) = 

m=l 



( 2 ) 


(k) / \ (k) 

In addition, when z = 0, Bn,p{0) = Bn,p is the poly-Bernoulli number with a p parameter. 
When z = Q and p = 1, = Bn^ is the poly-Bernoulli number ([I2]) dehned by 


Lifc(l - e *) 
1 — 



( 3 ) 


The poly-Bernoulli numbers are extended to the poly-Bernoulli polynomials (O |^) and 
to the special multi-poly-Bernoulli numbers (|H]). 

Let n and k be integers with n > 0, and let p be a real number parameter with p 7 ^ 0. 
Let g be a real number with 0 < g < 1. Dehne g-poly-Cauchy polynomials of the hrst 
kind Cn,l,q{z) with a parameter p by 
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where {x)n = x{x — 1 ) • • • (x — n -|- 1 ) (n > 1 ) with (x)o = 1 . 

Jackson’s g-derivative with 0 < g < 1 (see e.g. [H (10.2.3)], |9]) is dehned by 

D f = ^= /(^) - fM 

^ dqX (1 — q)x 
and Jackson’s g-integral ([U (10.1.3)], [9]) is dehned by 
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For example, when f{x) = for some nonnegative integer m, 
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Notice that 


limcl^Lf;^) = 


n,p,g\ 


n,p 




which is the poly-Cauchy polynomial with a p parameter (|I5]). In addition, when z = 0, 
Cn,p{0) = Cn,l is the poly-Cauchy number with a p parameter ([IS]). When z = 0 and 
p = 1, c„_i(0) = Cn^ is the poly-Cauchy number (of the hrst kind) ([IS]), dehned by the 
integral of the falling factorial: 



If A: = 1, then Cn^ = Cn is the classical Cauchy number ([6l [20]). The number Cn/n\ is 
sometimes referred to as the Bernoulli number of the second kind ( [H [IHl El] ). The poly- 

(k) 

Cauchy numbers of the hrst kind Cn ^ can be expressed in terms of the Stirling numbers 
of the hrst kind. 
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(n > 0, k > 1) 


m Theorem 1]), where S'i(n, m) is the (unsigned) Stirling number of the hrst kind, see 
[6], determined by the rising factorial: 


x{x -I- 1) • • • (x -1- n — 1) = ^ Si{n, m)x"^. (5) 

m=0 
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(6) 


The generating fnnction of the poly-Cauchy numbers Cn'^ is given by 

^ -f-n 

Liffc(ln(l + t)) 

f [m Theorem 2]), where 'L\ik{z) is called polylogarithm factorial function (or simply, 
polyfactorial function) defined by 


Liffc(2;) = 


—^ m!(m -|- 1)^ 

m=0 ^ ' 


(7) 
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By this definition, k is not restricted to a positive integer in Cn ■ Similarly, dehne the 
poly-Cauchy numbers of the second kind c'n m) by 
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If fc = 1, then = Cn is the classical Cauchy number of the second kind ([HI ED])- The 

'^k) 

poly-Cauchy numbers of the second kind ck ^ can be expressed in terms of the Stirling 
numbers of the hrst kind. 


'^n 


^ (m + 1)^ 

m—C\ ' 7 


(n > 0, k>l) 


m Theorem 4]). The generating function of the poly-Cauchy numbers of the second 
kind is given by 

-j.n 

Liffc(-ln(l + f)) = (8) 

n=0 

(na Theorem 5]). 

The poly-Cauchy numbers have been considered as analogues of poly-Bernoulli num¬ 
bers Bn ■ The poly-Cauchy numbers (of the both kinds) are extended to the poly-Cauchy 
polynomials m), and to the poly-Cauchy numbers with a q parameter ([I5]). The cor¬ 
responding poly-Bernoulli numbers with a q parameter can be obtained in [^. A different 
direction of generalizations of Cauchy numbers is about Hypergeometric Cauchy numbers 
m)- Arithmetical and combinatorial properties including sums of products have been 
studied f [T6l ITSl fl^ )- 

In this paper, by using Jackson’s g-integrals, as essential generalizations of the pre- 

Ik) 

viously known numbers, including poly-Bernoulli numbers Bn , the poly-Cauchy num¬ 
bers of the hrst kind Cn'^ and of the second kind we introduce the concept about 
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g-analogues or extensions of the poly-Bernonlli polynomials with a parameter, 

the poly-Canchy polynomials of the hrst kind and of the second kind with a 
parameter. We investigate their properties connected with usual Stirling numbers and 
weighted Stirling numbers. We also give the relations between generalize poly-Bernoulli 
polynomials and two kinds of generalized poly-Cauchy polynomials. 


2 Q'-poly-Bernoulli polynomials with a parameter 


Carlitz [1] dehned the weighted Stirling numbers of the hrst kind Si {n, m, x) and of the 
second kind S 2 {n,m,x) by 
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respectively. Note that Carlitz |1] used the notation Ri{n,m,x) and R{n,m,x) instead 
of Si{n,m,x) and S 2 {n,m,x), respectively. When a; = 0, S'i(?7,,m,0) = Si{n,m) and 
S 2 {n, m, 0) = S 2 {n, m) are the (unsigned) Stirling number of the hrst kind and the Stirling 
number of the second kind, respectively. 

The g-poly-Bernoulli polynomials with a parameter p can be expressed in terms of the 
weighted Stirling numbers of the second kind. 


Theorem 1 We have 
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Proof. From ([T]), and using flTOl) . we have 
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Comparing the coefficients on both sides, we get the result. Notice that S 2 {n,m,x) = 0 
for n < m. I 
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Corollary 1 For q-poly-Bernoulli numbers with a parameter p, we have 



(12) 


3 Q'-poly-Cauchy polynomials of the first kind with a 
parameter 

The g-poly-Cauchy polynomials of the hrst kind Cn,l,q(z) with a parameter can be ex¬ 
pressed in terms of the weighted Stirling nnmbers of the hrst kind Si{n,m,x). In this 
expression, k is not restricted to a positive integer. 

Theorem 2 For integers n and k with n > 0, we have 
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Proof. From (|1]) and ([5]), we have 
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By nsing the relation, see B Eq. (5.2)1, 
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we obtain 
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Corollary 2 For q-poly-Cauchy numbers of the first kind with a parameter p, we have 
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m=0 ' ' W 

Define the g-polyfactorial fnnctions Lif^ ,j(z) by 


Liffc,g(^) = ^ 


^ n![n + 1]^ 


n=0 


Notice that 


hniLiffc,„(^) = Liffc(^), 

q^l 


which is the ordinary polyfactorial fnnction in ([7]). The generating fnnction of Cn}p,q is 
given by the following theorem. 


Theorem 3 We have 
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Proof. By the first identity of Theorem [2] 
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4 Q'-poly-Cauchy polynomials of the second kind with 
a parameter 


Let n and k be integers with rz > 0 and fc > 1, and let p be a real number parameter with 
p 7 ^ 0. Dehne g-poly-Cauchy polynomials of the second kind 'Y}p,q{z) with a parameter p 
by 
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Notice that 

which is the poly-Cauchy polynomial of the second kind with a p parameter ([I5]). In 
addition, when z = 0, cl^p(O) = cl^p is the poly-Cauchy number of the second kind with 

















a p parameter ([IS]). When z = 0 and p = 1, c„i(0) = is the poly-Cauchy number 
([H]) given in ([8|). 

The g-poly-Cauchy polynomials of the first kind cl^p,g(z) with a parameter can be 
expressed in terms of the weighted Stirling numbers of the first kind Si{n,m,x). In this 
expression, k is not restricted to positive integers. 


Theorem 4 For integers n and k with n > 0, we have 
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Proof. From (jSj) and ([5|), and using the relation jH Eq. (5.2)], similarly to the proof of 
Theorem 121 we obtain the result. I 

Corollary 3 For q-poly-Cauchy numbers of the second kind with a parameter p, we have 
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Proof. Putting z = 0 in Theorem H] we immediately get the result. I 

The generating function of is given by using the g-polyfactorial functions Lif^ g(^). 
Theorem 5 We have 
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Proof. Similarly to the proof of Theorem [3], by the first identity of Theorem [21 we obtain 
the result. I 

5 Several relations of g-poly-Bernoulli polynomials 
and Q'-poly-Cauchy polynomials 

There exist orthogonality and inverse relations for weighted Stirling numbers ([I]). Namely, 
from the orthogonal relations 

n n 

J2i-^r~'SPn,l,x)Spi,m,x) = J2i-^y~'"SPn,l,x)Spi,m,x)=6^,^, 

l=m l=m 
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where 6m,n = 1 if rn = n; Sm,n = 0 otherwise, we obtain the inverse relations 

n n 
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Theorem 6 For q-poly-Bernoulli and q-poly-Cauchy polynomials with a parameter, we 
have 
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Remark. If g ^ 1, then Theorem [B] is rednced to Theorem 3.2 in [5]. 
Proof. By Theorem [H applying (flSj) with 
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(-p)’”[m + l]f 
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and X is replaced by zjp, we get the identity flT^ . Similarly, by Theorem |2] and Theorem 
IHwe have the identities fl20ll and fl2lll . respectively. I 

There are relations between two kinds of g-poly-Cauchy polynomials with a parameter. 

Theorem 7 For n > 1 we have 
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Remark. Since c^nXqi.^) Cn\z) and c^np,qi^) '^\z) as g —)■ 1, Theorem [7] is reduced 
to Theorem 4.2 in m- 
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Proof. We shall prove identity fl23|) . The identity (12^ can be proven similarly. By the 
dehnition oi'c^)j{z) 
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We use the well-known identity, see [22l p. 8], 
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Note that (”_/) = 0. 

Theorem 8 For any x and y we have 
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Remark. If p = 1 and g —> 1, then Theorem [8] is reduced to Theorem 3.3 in [5]. If 
p = 1, X = y and g ^ 1, then Theorem [S] is reduced to Theorem 4.1 in [12]. A different 
generalization without Jackson’s integrals is discussed in [T8] . 


Proof. We shall prove the hrst and the fourth identities. Others can be proven similarly. 
By fl20|) in Theorem (6] and using flTTl) . we have 
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1=0 m=0 ' V r / 


E- 

m=0 


m 


"”51 (n, m, p 


-P 




m=0 


1 n,m, -- 


X 

P 

X \ p" 


z=o 


p 


pJ h + l]a 




6 Acknowledgement 

This work was supported in part by the grant of Wuhan University and by the grant of 
Hubei Provincial Experts Program. 


References 

[1] Andrews G. E., Askey R., Roy R., Special Functions, Encyclopedia Math. Apph, 
Vol.71, Cambridge Univ. Press, Cambridge, 1999. 

[2] Bayad A., Hamahata Y., Polylogarithms and poly-Bernoulli polynomials, Kyushu J. 
Math. 65 (2011), 15-24. 


12 






[3] Carlitz L., A note on Bernoulli and Euler polynomials of the second kind, Scripta 
Math. 25 (1961), 323-330. 

[4] Carlitz L., Weighted Stirling numbers of the first and second kind - I, Fibonacci 
Quart. 18 81980), 147-162. 

[5] Cenkci M., Komatsu T., Poly-Bernoulli numbers and polynomials with a q parameter, 
J. Number Theory, (to appear). 

[6] Comtet L., Advanced Combinatorics, Reidel, Dordrecht, 1974. 

[7] Coppo M.-A., Candelpergher B., The Arakawa-Kaneko zeta functions, Ramanujan 
J. 22 (2010), 153-162. 

[8] Hamahata Y., Masubuchi H., Special multi-poly-Bernoulli numbers, J. Integer Seq. 
10 (2007), Article 07.4.1. 

[9] Jackson F. H., On q-definite integrals. Quart. J. 41 (1910), 193-203. 

[10] Jordan Ch., Sur des polynomes analogues aux polynomes de Bernoulli et sur des for- 
mules de sommation ana-logues a celle de MacLaurin-Euler, Acta Sci. Math. (Szeged) 
4(1928-29), 130-150. 

[11] Kamano K., Komatsu T., Poly-Cauchy polynomials, Mosc. J. Comb. Number Theory 
3 (2013), 183-209. 

[12] Kaneko M., Poly-Bernoulli numbers, J. Theor. Nombres Bordeaux 9 (1997), 221-228. 

[13] Katsurada M., Complete asymptotic expansions for certain multiple q-integrals and 
q-differentials of Thomae-Jacks on type, Acta Arith. 152 (2012), 109-136. 

[14] Komatsu T., Poly-Cauchy numbers, Kyushu J. Math. 67 (2013), 143-153. 

[15] Komatsu T., Poly-Cauchy numbers with a q parameter, Ramanujan J. 31 (2013), 
353-371. 

[16] Komatsu T., Sums of products of Cauchy numbers, including poly-Cauchy numbers, 
J. Discrete Math. 2013 (2013), Article ID 373927, 10 pages. 

[17] Komatsu T., Hypergeometric Cauchy numbers, Int. J. Number Theory 9 (2013), 545- 
560. 

[18] Komatsu T., Liptai K., Szalay L., Some relationships between poly-Cauchy type num¬ 
bers and poly-Bernoulli type numbers, East-West J. Math. 14 (2012), 114-120. 

[19] Komatsu T., Luca F., Some relationships between poly-Cauchy numbers and poly- 
Bernoulli numbers, Ann. Math. Inform. 41 (2013), 99-105. 


13 



[20] Merlini D., Sprugnoli R., Verri M. C., The Cauchy numbers, Discrete Math. 306 
(2006), 1906-1920. 

[21] Norlund N. E., Vorlesungen iiber Dijferenzenreehnung, Springer, Berlin, 1924. 

[22] Riordan J., Combinatorial identities, John Wiley & Sons, New York, 1968 


14 



